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DETERJUNA TION OF THE ANG ULAR SPREAD OF THE 
X-RAY BEAJf FROM THE I.S.C. (70 Mev) SYNCHROTRON1 
by 
G. M. Anderson~~ and D. J. Zaffarano 
Abstract 
The radioactivity produced in copper and carbon strips by irradiation 
with 66 Mev bremmstrahlung is used to determine the angular spread of the 
X-ray beam. The beam breadth at half maximum intensity indicated an angular 
spread of 2.03 + 0.03 degrees with copper, and a spread of 2.08 + 0.04 
degrees with carbon detectors. These results are approximately eight per 
cent smaller than predicted by Schiff's theory for a target of tungsten, 5 
mils thick. 
1This report is based on a Master's thesis b.Y Guveren M. Anderson submitted 
March, 1955 at Iowa State College, Ames, Iowa . This work was performed 
under contract vrith the Atomic Energy Commission. 
*Division of Engineering, Iowa State College, Ames, Iowa. 
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I., INTRODUCTION 
A. Statement of the Problem 
The Iowa State College 70-Mev synchrotron was manufactured by the General 
Electric Company -of Schenectady, New York, for use primarily in the field of 
nuclear research. The X-ray beam from this particular unit has been utilized 
to perform many different types of experiments. MOst -applications require 
the use of a narrow beam of maximum strength; however11 many experiments are 
accomplished at lower energies and hence a larger angular beam spread. 
Each experimenter usually establishes an arbitrary center line by means 
of which he · positions his apparatuses or employs varying- degrees of collimation. 
In the past~ the center line generally has been located by exposure of dental 
type X-ray film and evaluation of the density of the developed negative. The 
effects of high energy X-rays on the nuclei of the many different elements 
contained in this film and its wrapping materials are exceedingly complex. 
In addition, the problem of accounting for X-radiation scattered from the 
surrounding structure generally has not been considered. Thus, only an 
approximation ~f the beam center line could be made and if any conclusions 
were made regarding the angular width of the beam they would be difficult to 
verify. 
Some experimenters, utilizing the beam at distances of approximately 15 
feet from the synchrotron, have resorted to irradiation of various metal 
foils in order to accurately locate the center line of the beam. Such 
locations were usually fixed with respect to a temporary structure~ e.g., a 
lead collimator, and a permanent reference was not established. 
The twofold purpose of this investigation is (l) to locate the beam 
center line and (2) to determine the angular spread at one-half the center 
line intensity, i.e., the angular half width. 
B. Review of Literature 
The concept that led to the eventual development of the present theory 
of radiation Lrom high-energy electron accelerator targets appears to have 
been first presented by Bethe and Heitler (4) in 1934. Heitler (10) included 
the results in a book published in 1936; In their theory it was found that 
the angle-energy distribution of X-ray quanta was influenced by the primary 
energy of the electron as it struck the target, the interaction of the electron 
with radiation and Coulomb fields, the target material to some extent, and 
the screening effect of the orbital electronso 
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Others have found, in addition to Bethe and Heitler 1 s classical treatment, 
that the angle-energy distribution of X-ray quanta at a given primary electron 
energy varies Hith the thickness of the target. Rossi and Greisen (22) 
showed that the distribution of high-energy electrons after multiple scattering 
through thin plates was Gaussian. Based on .. this hypothesis, Schiff (24) 
attributed the angular spread of radiation from thin targets to multiple 
elastic scattering of the high-energy electrons and subsequent radiative 
collisions with target nuclei. In 1950 Lawson (14) published a theory 
equivalent to that of Schiff and in a somewhat more useful form in that it 
avoided the divergence of the Schiff formula for small scattering angles. 
As pointed out by Muirhead et al. (19), a simple modification of the Schiff 
formula also avoids the divergence at small an gles and produces a formula 
similar to that achieved by Lawson. Both theories indicate that the angular 
width is inversely proportional to the primary electron energy and that axial 
symmetry exists about a line of maximum intensity directly in line with the 
incident electron beam. The expressions for -the radiation polar diagrams in 
the three cases are listed by Muirhead et al. (19) and are cited below: 
R(g) _ - Ei [- (Eog)2Ln(l83z-l/3)/l510.8t~ ­
R(O}- Ln {151o.8t0 2tn(l8Jz-l/3)J - o.5772 
(Schiff) 
(Modified Schiff) 
= - Ei [:. (E0Q)2Ln(l83~-l/3)/1510.8t] + J Ei .- (E0 '-l)2/l. 78V'< 2_] 
Ln [151o.8t/< 2tn(l8Jz-1 3)) - o.5772 
: ~ Ei f- (E0 Q) 2/(440t +/-< 2)] + Ei [- (E0Q) 2/~ 2J 
Ln (1 + 220tj,H 2) 
(Lawson) 
The,3e expressions are applicable to targets whose thickness is between 
10- and 10-l radiation lengths. 
Lawson (15) has reviewed the present status of the various theories of 
radiation from high-energy electron accelerator targets and has summarized 
them by categorizing the possible ranges of target thicknesses involved: 
''infinitely thin" targets which have the intrinsic angle-energy distribution 
determined "Jy Bethe and Heitler (10); "thin" targets where scattering 
effects become apparent but are difficult to account for analytically; 
''moderately thick" targets where the theory of multiple scattering can be 
rsc-588 3 
used in combination with Bethe and Hei tler 1 s theory; and "thick targets" in 
which ionization lossesy stragglingy and self absorption must be accounted 
for. Most targets used in pre.sent day synchrotrons ordinarily fall in the 
"moderately thick" range. The 5 mil tungsten target installed in the Iowa 
State College synchrotron is in this range and the angular distribution of 
radiation from this target can be treated according to Schiff 1s theory (24). 
Reasonable cooroboration of the Schiff and Lawson formulae has been 
accomRlished qy several experimenters at a variety of electron energies. 
Several different methods were used. Baldwin et-- al. (2) conducted a series 
of tests using a 70-Mev electron beam from a G:E.-synchrotron of the same 
type used here. The angular distribution and relative intensity of ·x-radiation 
from aluminum, coppery molybdenumy tungsteny and platinum targets of varying 
thicknesses were investigated. Victoreen pencil dosimeter chambers were used 
to measure the variation of X-ray intensity as a function of angle. Good 
agreement with Schiff's theory w~s reported for aluminum and copper targets 
of thickness of the order of 10- radiation lengths. 
Also, an investigation was made by Rosengren (21) using electrons of 
322 Mev. A 0.020 inch platinum target was bombarded and l/8 inch diameter 
copper discs were used as detectors. The observed angular spread was found 
to be approximately 15% narrower than that predicted by the Schiff formula. 
II.. EXPERIMENTAL INVESTTGATION 
A. Materials 
As it was desired to know the beam width at a representative photon 
energy, it was necessary to select a suitable detector. Thusy the only 
problem regarding materials was that of selecting suitable substances which 
would yield measurable photon induced activities -after reasonable irradiation 
periods and which would be sensitive to a specific range of photon energies. 
Several experimenters have found copper to be a satisfactory detector for 
this purpose (l2y 16, 2l) y as copper is not sensitive over a broad range of 
energies as are ion chambers and X-ray films. 
Naturally~occurring copper is composed of two isot~pes, 69.09% Cu63 
and 30.91% Cu0/. or the many possible photon induced activities in these 
isotopes, only three appear to be of any appreciable consequence to this 
experiment. Accor~ng to Ka~z and Cameron (11), the integrated cross 
segtion for 6Ue Cu 3( Y,n)Cu 2 reaction is 0.66 Mev-barns and for the 
Cu 5 ( Y,n)Cu , 1.11 Mev-barns. Berman and Brown (3) found similar values 
and; in addition, found that the integrated cross sections for the 
(~,2n) reactions with these two isotopes were relatively' small and thus 
negligible for the purposes of this experiment. · 
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The mode of decay of Cu62 is by t he emission of a 2. 92 Mev gfigatron and 
a 0.56 Mev gamma-ray with a 9.9 + 0.1 minute half-life (20). Cu decays b.Y 
the -emission of a 0.57 Mev negatron, a 0.65 Mev positron, a 1.34 Mev gamma-
ray, and by K-capture and has a half-life of 12.8 hours (20). B,y limiting 
the irradiatiog time to short periods of 10 to 20 minutes, the 12.8 hour 
activity of Cu 4 can be made negligible. 
Considering only the cu63(~,n)cu62 reaction then, copper may be used 
as a detector for photons in a practical range from about 15 to 21 Mev with 
a maximum cross section occurring at approximately 18.1 Mev (ll). The 
chemically pure copper sheet stock used in this experiment was manufactured 
by the Fisher Scientific Company. 
According to Heitler (10), the probability that a photon of given energy 
will fall into a certain solid angle is identical for photons of all energies, 
i.e., the spectrum does not change with angle. Therefore, t he angular half-
width should be the same for photons of all energies. In order to verify 
the theory to a limited extent, the element carbon was selected as another 
convenient detector. 
Carbon is composed of only two isotopes, 99.89%- cl2 and 1.11% cl3. The 
only reaction that need be considered here is cl2( or,n)cll which results in 
the emission of a 0.97 Mev positron with a half-life of 20.4 minutes (29). 
Thus, carbon may be used as a detector for photons in a practical range from 
about 21.5 to 24.3 Mev with a maximum cross section occurring at approximately 
22.9 Mev (ll). The commercial plastic styrene (C6H5CH~CH2 ) is composed of 
only carbon and hydrogen and is available in conven1ent sheet form. Carbon 
in this form was used as the detector. Upon irradiation of this material , 
the nydrogen yields no activity and therefore does not complicate the decay 
scheme. 
B. Equipment 
The general experimental arrangement of the synchrotron and accessor.7 
apparatus is shown in Figure l. 
l. Synchrotron 
This synchrotron is a standard ~pe N machine constructed by the General 
Electric Company and is rated at a maximum electron energy of 70 Mev (7, 9). 
At the time of this series of observations, the machine was equipped with a 
doughnut shaped pyrex accelerating chamber approximately 23 inches in mean 
diameter. The target was a 5 mil tungsten flag about 0.14 square inches in 
area attached to the inner surface of the doughnut at a position of minimum 
radius. 
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Figure 1. General arrangement of 10-Mev synchrotron, calibrated 
brackets, dose meter, target box with plumb bob, and level 
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Two brackets, specially constructed to receive dental size X-ray film, 
were mounted on the machine in the same plane as the doughnut. The brackets 
were located close to the doughnut and were 9 inches apart on a tangent line 
from the doughnut. The bracket closest to the doughnut was designated as 
bracket no. 1 and the other as no. 2. Both were fitted with lucite plates 
upon which fine cross lines were scribed as outlined under "Procedure. 11 . 
Small, specially constructed, illuminating lights equipped with metal shades 
were provided for each lucite plate. When properly positioned at the edges 
of the plates, the lights illuminated the cross lines and made them readily 
visible. 
In order to measure the dosage during each test, a luci te box was 
constructed to hold the dose meter in the path of the beam and just outside 
bracket no. 2 as shown in Figure 2. 
2. Strips 
The copper and the styrene strips were cut, milled, and polished to a 
size of 3 5/8 x 1/4 x 0.031 inches. Each strip was marked L3, L2, Ll, c, 
Rl, R2, R3, etc. to insure identification and to serve as a reference for 
reproducing its position in both the target box and the counting pig. 
It was possible by hand polishing to make all copper strips the same 
weight, i.e., 4.0820 grams+ 0.1 mg. This was not possible with styrene 
and the respective weights are listed in Table 1, accurate to + 0.1 mg. 
Table 1. Weight of styrene strips in grams 
Strip Strip 
mar kin~ Weight marking Weight 
c 0.4299 
Rl 0.4299 
·Ll 0.4299 
R2 0.4300 L2 0.4299 
R3 0.4300 13 0.4300 R4 0.4300 Ih 0.4300 
R5 0.4300 L5 0.4298 R6 0.4300 t6 0.4297 
R7 0.4297 L7 0.4300 
R8 0.4300 L8 0.4298 
R9 0.4298 L9 0.4299 
ISC-588 
Figure 2. Detail arrangement of calibrated brackets, lucite 
plates, dose meter, and target box with strips 
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As the average weight of the styrene strips is 0.4299 grams and the greatest 
deviation from this value is 0.0002 grams, any variation in counting rate due 
to this slight mass difference is neglected. 
3. Target box 
As it was expected that the beam width would be of the order of 2 
degrees, it was necessary that the strips be held rigidly in a mount that 
would allow a spread of at least 4 1/4 inches at approximately 10 feet from 
the synchrotron target. A lucite target box previously constructed by B. T. 
Macauley and shown in Figures 2 and 3 was found suitable for holding the 
strips normal to the beam. Th~ box was built to hold the. strips on 1/16 
inch centers by means of slots milled in the top and bottom members. In 
order to insure correct positioning of the box, a lucite plate was mounted 
to the rear of the target box. Vertical and horizontal cross lines were 
scribed on this plate at the geometric center of the rear plane of the box. 
For the purpose of aligning the target box with the reference center 
line, a level (Secretan, Paris 1000) was mounted on a specially constructed 
stand located approximately 16 feet in front of the synchrotron. A brass 
plate with three countersunk points to receive the adjusting screws of the 
level was screwed to the top of the stand. This plate provided a method 
for quickly relocating the level in line with the reference center line. 
4. Counter and accessory apparatus 
The counter and accessory apparatus are shown in Figure· 3. Measurement 
of the negatron activity was accomplished by means of a Victoreen 1B85 
thyrode tube operating as a G-M counter. The cathode of this ~pe is a 4 
mil aluminum shell (31.3 mg/cm2). In order to minimize the background, this 
tube was mounted horizontally in the rear of a horizontal lead pig (model 
155 Technical Associates). 
The G~M tube was connected directly to the amplifying circuit of a 
series 1010 Atomic Instrument Company scaler (scale of 100). Input voltage 
to the scaler was maintained at a constant 118 volts a.c. bv means of a type 
1E510l Stabiline Voltage Regulator (Superior Electric Compa~y). 
The pig, scaler, and G-M tube combination was calibrated by using a 
uranium foil placed in a planchet directly under the tube. It was determined 
that the plateau for this tube extended from 800 to 950 volts d.c. The 
operating voltage was arbitrarily set at 850 volts which gave a counting 
rate of 5347 counts per minute with a standard deviation of 83 counts per 
minute. This rate was rechecked before each test. 
Dead time for the tube and scaler setup was measured by the standard 
two-source method and qy means of a cathode ray oscilloscope. A 320 micro-
rsc-588 
Figure 3. Counting setup with scaler, pig, 
strip holder, and target box 
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second delay time was indicated by the two-source method while the oscilloscope 
showed a range from approximately 80 to 150 micro-seconds. The manufacturer ' s 
literature specifies that a 150 micro-second delay time could be expected. 
In view of the above tests and observations, a dead time of 150 micro-seconds 
was selected to correct all measured activities. 
A Galco (Swiss) stop watch was used to measure t he duration of each 
observation. A variation of +1.2 seconds in a sixty minute period was found 
when compared with a certified chronometer. This error was considered 
negligible for the purposes of the tests. 
In order to facilitate rapid handling of the strips, the pig was fitted 
with a specially constructed strip holder made of lucite. The holder is 
shown in Figure 3. Notches cut in the bottom of the holder caused it to 
slide over a rail in the bottom of the pig. The use of lucite minimized 
backscattering effects and the rail insured exact geometry for all observations. 
C. Procedure 
l. General considerations 
As indicated in the Introduction the irradiation of metal foils or 
strips for the purpose of determining the angular width of s.rnchrotron beams 
has been accomplished by a number of experimenters. The procedure consists 
essentially of selecting a suitable resonant detector material for t he 
energy increment desired and measuring the induced activity produced over a 
period of time when placed in various positions in the X-ray beam. 
To get a comparison of the counting r a tes of the strips, it is necessary 
that they be irradiated by a beam of identical properties and that their 
activities be measured at the same period of time under identical counting 
conditions. The first requirement is met by irradiating the strips during 
the same period. If exact knowledge of the decay curve for the detector 
material is known it is possible to extrapolate the time versus counting 
rate coordinate, A(T)~ of a given strip to ·zero-time and arrive at a zero-
time ~ctivity, A(O). The zero-time activity can then be used as the basis 
for comparison of the activity induced in the various strips located at 
different positions. 
Since X-rays travel in strai ght line paths, the general shape of the 
beam should be that of a cone whose axis lies in the direction of the 
electrons as they strike the target. The exact loca tion of the target 
within the doughnut was unknown; therefore, it was necessar y to take 
measurements at several distances in order to establish the angle subtended 
at the target. B,y positioning the strips all at the same distance from the 
synchrotron and comparing their induced activities at zero-time, the center 
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of the beam could be determined as well as the half-width at a specified 
distance. The contour of the beam is established Qy plotting the lateral 
position of each strip, relative to the reference center line, as the 
abcissa, and the activity at zero-time as the ordinate. The half-H·idth of 
the beam is determined by drawing a horizontal line across the contour curve 
at one-half the maximum induced activity. The maximum induced activity may 
or may not lie on the reference center line but is always considered as the 
center of the beam. One obtains the angular spread of t he beam qy connecting 
the extremities of the half-widths in their respective positions and by 
measuring the included angle. The actual center line of the beam can be 
estimated by connecting the points of maximum activities of the contour 
curves. 
2. Establishment of a reference center line 
In order to provide a reference line that would be as close as possible 
to the actual center line and which could be used to locate the target box 
for each test, the beam was tested by exposure of photographic film. X-ray 
films (Kodak, code DF-1, Periapical, Radiatized, Dental X-ray film) were 
placed in the slots provided in brackets no. 1 and no. 2 located directly in 
the path of the beam. After an irradiation time of 12 seconds at a peak 
beam energy of 66 Mev, the films were put through a standard development 
procedure in Kodak D-19 developer. 
The negatives were examined over an illuminated piece of opal glass and 
by inspection the geometric centers of the exposed (dark) areas were 
determined as closely as possible. For the purpose of establishing a 
reference center line, these centers were assumed to be at the center of 
the beam, i.e., the point where maximum intensity occurs. 
Two pieces of lucite were cut to the same size as the X-ray film 
packages and were placed against the negatives. Horizontal and vertical 
cross lines were scribed in the lucite so as to pass exactly through the 
assumed beam center. The lucite pieces were numbered no. 1 and no. 2 to 
correspond to the brackets and were placed in the brackets as shown in 
Figure 2. The cross lines in the lucite were then illuminated by positioning 
the small lights at the brackets. 
The level was mounted on its stand and adjusted ·,mtil the intersection 
of its cross hairs was directly in line with the intersections of the cross 
lines of the two lucite plates . With the level sighted along the reference 
center line a plumb bob was used to establish an arbitrary 11 zero reference 
point" on a metal plate located in the floor. Four other points were 
established on the floor directly below the reference center line. One was 
located 12 inches closer to the synchrotron and three were located at 12 
inch intervals away from the zero reference point .. .. It was noted that the 
reference center line did not lie in a horizontal plane but tended to rise 
slightly from the plane of the doughnut. 
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3. Measurement of activity induced in strips 
After the irradiation period was completed the stop watch was read 
and immediately restarted. The watch was allowed to run continuously and 
the duration of the counting periods was determined by noting the time at 
the start and end. As the activity of the center strip was usually greater 
than the others, the outermost strips were measured first. This procedure 
yielded counting rates in the same general range and tended to avoid excessive 
dead time errors of high counting rates and the inherent errors of the lower 
rates. 
B,y planning the motions involved in stopping the counter, removing the 
strip, recording the time, noting the counter reading, resetting the counter» 
and replacin g the strip, the delay time between measurements was reduced to 
15 seconds. Each strip was consistently placed in the slotted lucite holder 
so that the inscribed letters were up and toward the door of the pig. This 
insured constant counting geometry for each strip. 
In view of the number of strips to be measured and the relatively short 
period of time available, it was necessary to choose between determining two 
points for each strip of average accuracy or one point of good accuracy. 
The latter choice was made as the half-life of materials used as detectors 
is known with very good precision, e.g., cu62 is 9.9 t O.lm, and ell is 
20.4m. Thus, it was not necessary to verify the decay curve for each 
observation but only to accurately locate one point on the curve. 
Each measured activity was corrected for dead time by the use of 
Figure 1.6 in Bleuler and Goldsmith (6, p. 57). The background was 
measured at each test and the value deducted. Where appropriate a correction 
was made for a bremsstrahlung 1ttail." 
4. Surveying beam with strips 
In order to maintain a fairly constant beam strength throughout the 
irradiation period, the synchrotron was operated for a short period before 
the strips were positioned in the path of the beam. During this period of 
operation the beam was adjusted to a peak energy of 66 Mev. The dos,e rate 
usually was found to be adequate when the ion chamber current registered 
between So and 60 on the 4-scale (relative quantity). Time was allowed 
for positioning the target box and strips by deenergizing the electron gun. 
With the exception of the center strip all other strips were. installed 
in the target box and their positions noted. The target box was clamped to 
a stand as shown in Figures l and 2 and was positioned over the desired 
mark on the floor. The facing plane of the target box was accurately 
positioned over the point by use of a plumb bob. Then by sighting the level, 
the horizontal and vertical cross lines of the target box were made to 
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coincide with the cross lines of the lucite plates installed at brackets no. 
1 and no. 2 and with the cross hairs in the level. The center strip was 
installed and its position at the vertical center line was verified qy 
sighting the level. The center strip and one or two strips close to the 
center were used in every test to accurately determine the center of the 
beam and the maximum induced activity. 
After the target box was positioned and the dose meter installed, the 
electron gun was energized and normal operating conditions were produced in 
minimum time. Generally the time of irradiation for the strips was determined 
by ~he total dose measured by the dose meter. The rate of dosage was 
maintained as near constant as possible by varying the synchrotron compensating 
coils during the test. 
5. Survey no. 1 
In order to form a basis for further tests, to develop techniques, to 
provide information regarding the decay curve, and to estimate the half-
widths at the various positions, a preliminary series of tests was made 
using copper strips. A dosage of 985 units was delivered at a constant rate 
over a period of 1200 (+ 1%) seconds, i.e., approximately twice the half-
life of cub2. -
The observed counting rates of the outermost strips were of the order 
of 60,000 counts per minute. In this case the target box was in position 
1, closest to the synchrotron. An excessive dead time correction of approxi-
mately 22% of the counting rate was found necessary in some cases. To 
reduce the rates to those requiring more reasonable dead time corrections~ 
it was necessary to delay approximately 40 to 50 minutes before starting to 
count. This procedure tended to magnify the errors at zero-time as the 
zerq-time extrapolated counting rate was as much as 15 times the rate 
measured. 
The corrected decay curve at higher counting rates yielded a half-life 
of approximately 10.8 minutes which is approximately 10% greater than the 
9.9 minutes found by Phillips (20). It is possible that this greater value 
for the half-life was due primarily to the excessive dead time errors. On 
the other hand it could have been caused by a small amount of the 12.8 hour 
activity of Cu~4 or Qy bremsstrahlung due to deceleration of the beta 
particles in the strip. 
The half-widths found from the approximate contour curves developed 
from this survey were found to be of the order of 2 degrees. Thus, the 
target box as designed would provide for enough strips to pruperly bracket 
the entire half-width of the beam at all the positions. 
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6. Survey no. 2 
In an effort to reduce the counting rate to a more reasonable value and 
eliminate inaccuracies inherently caused by large dead time corrections.9 a 
second survey was accomplished with a reduced dosage. All tests in this 
survey were made at a dosage of 720 units applied over a period of 900 
(+ 1%) seconds. This is at the same rate as survey no. 1 but represents 
approximately 75% of the energy. Additionally, it was desired to ascertain 
the effects of ah aluminum absorber tube when placed around the G-M tube. 
Several factors were considered in the selection of the thickness of 
th~ aluminum tube. A thickness was selected so that most of the 12.8 hour 
eu64 would be eli~inated if present.9 thereby leaving only the activity of 
the 9.9 minute cu62. This was important so that the extrapolation of the 
observed activities to zero-time cou~d be made accurately. The maximum 
energy of the positron emitted by C~ 2 is 2.6 Mev while the energies of the 
positron and negatron emitted qy cu64 were 0.657 Mev and 0.571 Mev respectively. 
A 0.010 inch (68.5 mg/cm2) aluminum absorber when added to the 0.004 inch 
(27 .5 mg/ cm2) aluminum shell of the G-M tube makes a total of 96 mg/ cm2. 
This thickness permits the passage of beta particles of energy greater than 
0.35 Mev (6, p. 164). On the basis of a norma~haped beta spectrum with a 
maximum energy of 0.657 Mev it is estimated that an absorber of this thickness 
will eliminate half of the beta spectrum of the cu64 activity if present. 
This thickness should not appreciably reduce the cu62 activityo 
It was expected that there would be a marked break in the decay curve 
when using a low Z absorber such as aluminum; thus, it was necessary that 
the photon "tail" be determined and that its activity be considered in 
plotting the observed activities. Deceleration of negatrons and annihilation 
radiation resulting from positrons of cu64 contribute to this activity. 
The counting rates were expected to be in the neighborhood of 10~000 counts 
per minute or less so it was desired to have a minimum photon activity. 
Before investigating the contour at each position a test was made by 
positioning one copper strip exactly in the center of bracket no. 2 and 
irradiating it for 720 dose units over a period of 900 seconds. Measurements 
of the induced activity were begun within 1 1/2 minutes after the irradiation 
_period was completed with a 0.010 inch aluminum absorber tube placed around 
the G-M tube. _It was found that 2 minute observations of the activity 
yielded good statistics. 
The maximum extrapolated activity at zero-time was approximately 110,000 
counts per minute which was approximately 80% of that for the center strip 
in position 1 of survey no. 1. On the basis of the inverse square law the 
reduction of the induced activity at position 1 would then be of the order 
of 40 to 50% of that for survey no. 1. A half-life of 10.5 minutes was 
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indicated between activities of 10,000 and 20,000 counts per minute. This 
was attributable to the inconsistency of dead time corrections. Considering 
only those observations between sjooo and 10,000 counts per minute, the half-
life was found to be 10.0 minutes. Thus, it was desirable to take observations 
in the lower range. 
After 70 minutes from zero-time at an activity of approximately 1400 
counts per minute, tge decay curve began to change its slope and at two 
hours most of the Cu 2 activity vanished leaving a ohoton "tail." At 1.50 
minutes from zero-time the activity of the ta.il was approximately 90 counts 
per minute; this reduced to about 7.5 counts per minute at 220 minutes and 
dropped off to nearly zero after 3 hours. Thus, the tail represents about 
0.08% of the initial activity at zero-time. 
Five separate tests were completed with the specified dosage and time. 
Two tests each were made at ··position l and one test each was made at positions 
2, 3, and 4. The results obtained from these tests · are nresented in 
Appendix A, Tables 3 and 4. 
7. Survey no. 3 
An aluminum absorber tube 0.040 inch thick was used in this survey. 
Including 0.004 inch for the G-M tube the total thickness is equivalent to 
302 mg/cm2. It is indicated ( 6, p. 164) that ari absorber of this thickness 
shg11ld eliminate all electron energies below 0.8 11ev. This would include all 
Cu 4 beta activity with the exception 1.35 Mev maximum energy X-rayj 
bremsstrahlungj and any positron annihilation radiation. The inefficiency 
of the average G-M tube to detect X-radiation favorably affects the observed 
activities in this case (6j p. 183). It was found that the ''tai l" was to 
the order of 1/20% of the zero-time activity and was ignored therefore in 
all calculations. 
As the absorber would serve to reduce the counting rate, the dosage 
was increased to 98.5 units over a period of 1200 seconds. The dose meter 
was found to be operating erratically so that during this survey the time 
was maintained constant at 1200 seconds and the dosage was measured only 
during tests at positions lj 2j and 3. 
A position one foot closer to the synchrotron wa s included in this 
survey and was designated as position 0. Two tests were made at position 
0 and one each at positions l, 1, 3$ and 4. A vertical test was made at 
position 2. In all tests the strips were placed in the target box so as 
to bracket closely the half-widths i~dicated in survey no. 2. As the 
center strip was fo~d to be most activej measurements of its activity 
were made . several times during each test in order to verify the half-life 
of the detector. Results obtained from these tests are presented in 
Appendix Aj Tables .5, 6, 7, and 8. 
16 Isc-588 
8. Survey no. 4 
In order to verify that the angular width of the beam was constant for 
photon quanta of other energies, the beam was surveyed a fourth time using 
carbon as a detector. The carbon used for these tests was in the combined 
form as found in the commercial plastic styrene. The activity induced in 
the styrene strips was considerably less than that induced in the copper 
strips so it was required that the irradiation time be increased. Irradiation 
periods of 40 and 60 minutes were used as the dose meter was inoperative 
during the performance of these tests. Increased irradiation time would not 
produce other half-lives unless impurities were present. 
The· strips were positioned in the target box so as to bracket the half-
widths indicated in survey no. 3. One test each was made at positions 0, 1, 
and 2. To insure that only one half-life was involved, the activity of the 
center strip was plotted over a length of time equal to two or three half-
lives. The aluminum absorber tube used in the previous surveys tvas removed 
from the G-M tube for measurements of activity in this survey. Results 
obtained from these tests are presented in Appendix A, Tables 9 and 10. 
III. ANALYSIS OF DATA 
A preliminary investigation of data obtained from surveys 2 and 3 was 
made for the purpose of measuring the copper activity present. Several 
different tests were examined by plotting time versus activity on a semi-
log scale. Assuming the time co-ordinate to ,be essentially without error 
and basing the precision of the measured activity on the standard deviation 
of each observation, the best straight line through the data was determined 
by use of the weighted method of least squares (Appendix C). By this method 
the half-life was found to be 10.0 minutes. This value is approximat~ly 1% 
greater than found by Phillips (20), namely, 9.9 + 0.1 minutes for cub2. 
As the latter value was the most precise found in-the references, it is used 
for all calculations. 
The observed activity and standard deviation for each strip was 
extrapolated to zero-time by substitution in the radioactive decay law, 
0.693 T 
A(O) = A(T) e 9•9 
From the experimental procedure and the calculation of the zero-time 
activities, as indicated, results represented by the curves in Figure 4, 
12, and 13 were obtained. Linear co-ordinates were used for these curves 
in order to illustrate their true contours. No errors are indicated in the 
horizontal location of the strips as their precise location is assured by 
placement in the target box, i.e., the strips are located accurately with 
respect to each other. 
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A hal f - tife of 20 . L. minutes for c11 was ve rified in t he same manner 
in su r vey no . 4 and the points ""e re extrapolated t o zero -time by substitution 
in the formula , 
The se data ·lre pr esented in grap~1 ic fo r H 1),1,' the curves in F'i.e;ure 14. 
From the contour curves for G::tch t)f the t estE' t he hal f - widths a t each 
position '1re dete rminabl e . Both the maxLnnm a c t i vity and the values at 
1/2 maxi mnm ac ti. vi t .r are included on , 3 Cr curve . 'I'he maximum and minimum 
values of t Le po:i..n t.s which bracket t~1e ha l I -width are known as !-Jell · as for 
the maxi.m11m acti v i. t .;r . From the l atter the vJ:Luo at l/2 maximum and the 
corresponding error arc found by Ctivi.di nr; by 2. 
In mos t t Rsts t he poi nts w~1ich br<1 clcet the half-width a .'e on t hat 
portion of t he cor:t t ,mr curve whic h is e arl y a straiqht lin 0. J:ty connectiDg 
t he maximum and minimum value s of t he se !)Oir ~s w.· th s traight lines and by 
dra\-Jin p.; two ho rizon t a l lines at t he max· mum and minimum v~lues fo r l/2 • 
maximum ac t i v ity , the :1al f - vlidth a.n C: :i t s error can be found for ea ch position. 
'!his e rror i :-' fomtrl by <ieter minin6 P 1e h :; nr;th of the horizon t a l projection of 
the extremit i.e s o f t he small parall elo i,r nr-: ' a rmed by the intersections of the 
four line s at eac·~-~ en d of the hali'-~-Jici 'G "t • 'fne half- wi dth is assumed as the 
averar:e lenr~th . This orocedure is c :J r ripr:: 011 p;raphically in Figur es 5, 15, 
lf> , and 17. 
A.s J--ray qlJanta are projecte d i n s t rR.i g!Jt line s , t he mP.xirnum point, 
l/2 widt -t extre ni t i cs , e t c. fal l alo g :.: l·.ra.L ·~; t l i nes ernanatiYlg f rom t he 
synchrotron tar ge t. Accor di ngl y , tha c0n tour curve s as s hO'Im in Figures 
4, 12, an d lL1 1-JO~il d be a famil:r o.f symrPe t r ic·al , e 1renl:i s paced curve s . 
\vhile the contou r s f or me d by the da ta J o fo m • ai:rly symmetrical curves, 
they are shift ed i n E: e ve ral instance s t o L'-le r-i ght or left. For example , 
test s a t pos ii:,ion s l nJ L of curvey no . 3, F1. rure 1 2, a poe:1r to be t o he 
right >lith r espect to tbe othe r curve s o f tr·,,;_::; su.cv:ey. The r eason f or t his 
is probably an err o r in the pr e cision oJ' t .' . _,. pL-,cenJ.ent of tlLe t a r r;e t box 
with r espect. t o t he r efe rence center line . 
By s h.ift-Lng t:1e cu -rves slif;h U y to t ·.le .:.·.: .ht or l e ft of t he refe rence 
center line so th~ t th~:;- are nenrly n :-1ral l e l a dd evenly spaced, the r.alf-
widths c<m then be laid out pe r pen dicul a r to ti te refe r ence center line at 
one foot i nter vals . So lution o.f t his s. ·str m 1y the method of least sqnares 
indicated t 1Je syn chrotron tarr;e t t o b e t o m, e side of the r e£'erence center 
line . Thus , it was i n dicated t ha t the reference center line was not the true 
center line of the beam. The t rue cen t er l ine t :-1en lies sli g-htly to the 
rir;ht of the t11.J e center line , approxirna tely t /8 inch a t posi t.ion 0 and J/8 
inch at position h. 
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Figure 5. Graphical determ1nation of half-widths and their error (maximum 
and minimum values of points bracketing half-widths are connected; 
two horizontal lines at maximum and minimum values of 1/2 maximum 
activity form parallelograms at each end) 
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'As shown in Figures 4, 12, and 14, the maximum beam strength falls on 
or very near to the reference center line in most tests. However, since the 
number of points determined near the center of the beam was limited and the 
mass of the strip was not concentrated at a point, the center of the beam 
and its maximum intensity cannot be determined with precision. Furthermore, 
it appears that the tops of the contou.r curves may be nearly flat over a 
small central portion and not definite peaks. Excluding consideration of 
the top portion of each contour curve, the curves appear to be quite symmetrical. 
Thus, it can be assumed that the true center line of the beam falls at the 
mid-point of the extremities of the half-widths. 
Proceeding from this assumption, the analysis is directed toward the 
determination of the angle subtended at the synchrotron target by the various 
half-widths from their respective positions and the distances from the target 
to each position. The half-widths determined in survey nos. 2 and 3 are laid 
out to scale so as to bisect and be perpendicular to the assumed true center 
line as shown in Figures 6 and 18. Then by the weighted method of least 
squares, the angle subtended to the target and the distance from the target 
to each position are determined. In addition, the probable errors are 
calculated for both the angle and the distances to the positions. 
With the distance to each position known, it was then possible to 
locate each strip in terms of angular measure relative to the true center 
line. Expressing the activity of each strip in terms of a percentage of 
the maximum activity obtained during the test, polar charts were developed 
as illustrated by Figures 7, 8, 9, and 19. The abscissa. is expressed in 
milliradians and the ordinate as (lOO)R(Q)/R(O). R(Q) is the activity at 
any horizontal angle Q with respect to the true center line and R(O) is the 
maximum activity obtained for the test. The polar curve for each test was 
shifted to the right or left to compensate for the errors in positioning 
the target box. In these curves the experimental datR are represented by 
plotted points and a solid curve. The dashed lined is the theoretical 
distribution represented by the modified Schiff equa~lon as given by Muirhead 
~ al. (19). 
Dl. RESULTS AND DISCUSSION 
The graphical treatment of the data of survey nos. 3 and 4 using 
copper-63 as a detector indicates that a horizontal angle of 2.03 + .03 
degrees is subtended to the synchrotron target qy the half-widths of the 
various positions. Use of carbon-12 as a detector indicates that a horizontal 
angle of 2.08 ~ .04 degrees is subtended to the target. The half-widths 
at the respective positions are listed in Table 2. 
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Table 2. Distance to synchrotron target from each position and 
the half-width at each position expressed in inches 
Distance Half-width Half-width Vlrtic;:at ha f-wld h 
to using using using 
Posi- synchrotron copper-63 carbon-12 copper-63 
tion target detector detector detector 
0 33.1 1' 1.3 1.19 ! .02 1.17 ! .OJ 
1 1.6.1 ~ 1.3 1.58 t- .04 1.64 :t .03 
2 57.1 :!: 1.3 2.03 ~ .04 2.04 + .06 2.04 .. .04 
-
3 69.1 .. 1.3 2.44 ... .06 
-
4 81.1 1" 1.3 2.90 1' .08 
-
The half-width of t he verti cal test at position 2 agrees closely >-rith 
the other tests made in this position. n1is verifies to a limited extent 
that ~~e beam is conical in shape. By making the vertical test at position 
2, which is an average distance from the synchrotron target, it was reasonably 
assured that the target box would be consistently placed in an elevated 
position close to the true center line. 
Figure 4 indicates that t he intensity of the beam is considerably reduced 
and appears to approach a constant value for all positions beyond a width of 
approximately 3 inches. As the strips are 3 5/8 inches lone and are in a 
vertical position, a slight shift in their vertical placement would have a 
negligible effect on the activi~ induced in the strip. This is not true for 
a lateral ~shift. . 
The half-width is probably quite independent of minor variations in 
the amount of dosage, the length of the irradiation period, and the lateral 
placement of the target box. All strips were irradiated at the same time 
and therefore the activit,y induced in each strip is entirely dependent on the 
intensity of the beam existing at its position. The milled slots in the 
target box insured that each strip was precisely placed in relation to the 
strips in the test. Therefore, in comparir1g the intensities induced in the 
strips as shown in Figures 4, 12, 13, and 14, no lateral error is indicated. 
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However~ this does not preclude an error in the lateral placement of the entire 
target box in relation to the true center line of the beam. An error of this 
kind is reflected Qy the lateral position of the whole curve in its relation 
to the reference center line and provides justification for lateral shifting 
of the curves as done in the Ana~sis of Data. 
The error in the angular co-ordinates of. the data plotted on the polar 
curves, Figure 7~ 8, 9, and 19, arises from the error that exists in the 
least squares determination of the distance from the synchrotron target to 
the various positions. As the target box is precisely milled the strips 
can be located relative to each other by considering this one error. In 
addition, as the angle subtended to the target approaches the true center 
line the lateral error of a given strip location is reduced so that data 
taken at or immediately adjacent to the center have an angular error approaching 
zero. The error of each strip was assumed to be directly proportional to its 
lateral distance from the reference center line. 
Experimental data of survey no. 3~ represented by Figure 8j forms a 
polar curve that is reasonably symmetrical. However~ the peak of the curve 
is not clearly defined. The contour of the lower portionj on the other hand, 
is fairly well defined. It appears that the data to the right of the beam 
center line are closer to the theoretical Schiff distribution than the data 
to the left of the center line. Asymmetica. distributions have been indicated 
by Lees and Metcalfe (16) and Baldwin !! !!!.· (2). 
Several explanations have been offered to account for this anomaly. 
Among these are the "edge effect" wherein the electrons are assumed to strike 
an uneven portion of the edge rather than the nominal target thickness . This 
effect results in a narrower polar diagram. The "multiple transversal effect'' 
assumes that the electrons pass through the target several times and are 
thereby scattered so that on subsequent transversals they pass through at 
different angles. This effect tends to broaden the polar diagram. Both effects 
are thought to be the result of radial oscillations of the electrons in their 
orbital plane. caused ·by 'va'riations in the magnetic field as it passes through its 
hysteresis cycle. 
V. COMPARISON OF RESULTS AND THEORY 
Comparison of experimental results with theor,y is complicated Qy the fact 
that the e.xact conditions existi.ng as the electrons strike the synchrotron 
target are not known. A theory accounting for all the factors has not yet 
been presented. Consequently, the comparison of the results of this experiment 
with theor,y will be based on Schiff's treatment (23, 24) which has been used 
as a basis for comparison by most experimenters. It is pointed out that 
rigorous acceptance of the Schiff function as a basis for comparison should 
be accepted with reserve as Stearns (26) has indicated that the angular 
distribution of radiation is not Gaussian. 
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It is possible to calculate the theoretical angular distribution of 
intensity by use of Equation 18 in Appendix B. Successive values for the 
ratio R(Q)/R(O) may be assumed and as all other factors are known, the 
corresponding value of Q may be determined. A complete plot of the Schiff 
function for this experiment is included in Appendix B. Specific solution 
for R(e)/R(O) equal to 0.5 at the half-width yields angular spread of 
38.8 milliradians or 2.22 degrees (Appendix B). The National Bureau of 
Standards, Subcommittee Son Radiation Protection (27, Figure 12~ p. 46) 
presents a chart based OH the Schiff theory which indicates an angle of 
approximately 2 1/4 degrees can be expected at an energy of 66 Mev. 
The eJSPerimen tal results of this experiment are found to be approxi-
mately,S 1/2% less than that predicted by Schiff. However, it is noted 
that the data fall consistently below and reasonably parallel to the Schiff 
function. The fact that the measured angle fails to agree with theor.y has 
been noted by several other experimenters who also have found half-width 
angles approximately 10% below that predicted qy Schiff. In general, they 
have found the complete distributiQn function to be narrower. For a machine 
of the same type equipped with a .005 inch tungsten target and operating at 
70 MeY, Baldwin et al. (2, p. 7, Figure 6) found the half-width to be 
approximately l~less than that predicted by the theory. Rosengren (21) 
found a half-width approximately 12% less than that predicted by theory for 
a machl.ne operating at 322 Mev and equipped with a 0.020 inch platinum target. 
Throughout the Analysis of Data it was assumed that the position of 
the strip represented a definite angular position with respect to. the center 
line of the beam and that the activity induced in the strip was proportional 
to the intensity existing at this angular position. This is not a strictly 
valid assumption. Since the mass of the strip is not concentrated at a 
point nor over a relatively small area, an error is introduced. Actually 
the mass of the strip is distributed mrer a length of 3 5/8 inches and as a 
result is exposed to a relatively wide range of intensities., especially in 
positions 0 and 1. The induced activity is not precisely a measure of the 
intensity at the indicated angle. 
If the intensity distribution is symmetrical and the strip has been 
positioned accurately so as to bisect the horizontal center line of the 
beam then the induced activity should var.y from a maximum at the center, 
angle Gmin with the center line, to two equal minimum values at the ends 
at an angle G11,c:L.A. Thus, the induced acthrity represents the intensity at 
some angle between these tvw angles and not that at the minimum angle. For 
example, the center strip at position 0 is .. exposed to beam intensities that 
may "-!"ary from Q equal to 0 degrees to a value of Q equal to 54.9 milliradians. 
The center strip's activity does not represent the intensity at 0 degrees 
but rather that at some angle be tween 0 and 54.9 milliradians. In representing 
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the relation of intensity versus angular position in the beam qy the function 
R(O),G, the average relative intensity that exists in a strip must be given 
by: 
If the function R(G),G were known, the angle Q corresponding to the value 
of the average intensity RtGJ could be determined. 
To make the necessa~ correction two approaches are possible. Either 
correct the activity so that it represents the angle subtended by the center 
of the strip, Gmin' or determine the angle Q whose intensity is represented 
by the observed activity in the strip. In either case the function R(G),G 
must be known. Since the function is not known the correction can be approxi-
mated only by assuming that one of the theoretical functions exists. The 
modified Schiff function was selected for this analysis. 
In order to integrate the expression R(Q)dG, the angular limits of each 
strip must be determined. These limits are dependent on the distance of the 
strip to the target which is unknown but can be reasonably assumed to be close 
to that as measured in survey nos. 2 and 3. It is pointed out that this 
distance was determined without consideration of the corrections being con-
sidered here. However, since the strips actually produced an intensity 
function peculiar to their location in the beam and since similar points of 
these functions in the various positions were extrapolated to zero, this 
distance may be assumed to be reasonably correct. 
For convenience the Schiff function is expressed in the form R(G)/R(O),Q 
where R(O) is a constant for any particular test~ The integration of this 
function for each strip irradiated in survey no. 3 was carried out graphically 
by plotting the function and determining the area beneath the curve between 
the angular extremities of each strip. The Schiff function and its integral 
are presented in Figure 20~ Appendix B. From this the correctedangle Q for each 
strip was calculated and is p~esented in Fi~re 10. The activity ouserved 
for each strip is plotted ~s a function of Q and is included in Figure 11. 
Since the center strip at any of the positions extends from 0 degrees 
to as much as 55 milliradians at position 0, it is apparent that the observed 
activity cannot be used as a measure of the maximum intensity. The activity 
at the center can be determined theoretically by multiplying the observed 
activity of the center strip by the ratio 
Qmax 
R(Q ~ 
1r('Q'JdG 
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Note that the ratio R(Q)/R(O) is unity when evaluated at 0 degrees. 
For reference purposes a Schiff function was plotted through each theoretical 
maximum activity in Figure 11. 
With the theoretical maximum activity now known for each test, it is 
a simple calculation to find the half-width. The half-widths as determined 
in Figure 11 vary from 36.7 milliradians at position 0 to 39 milliradians 
at position 4, the average being 38.0 milliradians. This average more 
nearly approaches the theoretical half-width of 38.8 milliradians than the 
experimental average figure of 36.3 milliradians. 
As it has been assumed in the formulation of the correction factors 
that the actual function R(G), G approaches the Schiff function, then it 
can be reasonably expected that the correction factors should adjust the 
contour of the observed curv-es so that they more nearly conform to the 
theoretical curve. Results of the correction procedure produce a series of 
curves which lie above the theoretical curves at values of R(G)/R(O) greater 
than 0.5 and which are of the order of 1.5 to 20% below at values in the 
vicinity of 0.2. The corrected and the theoretical curves appear to intersect 
near a value of 0.5. 
VI. SUGGESTIONS FOR FURTHER STUDY 
Apparently fact ors other than those included in the modified Schiff 
expression (Appendix B, Equation 18) affect the radiation intensity function. 
Stearns (26) has indicated that the radiation resulting from a single 
collision by an electron is a slowly varying function of E0~ , photon energy, 
and the nuclear charge of the target. Further, he concludes that the angular 
distribution is not Gaussian. A precise determination of the intensity 
function of the beam at various energies using different target materials 
woul d provide some basis for ~onsideration of the refinement or alteration of 
Schiff 1 s theory (23, 24). 
While the center of the beam was located for a beam energy of 66 Mev 
in this experiment, the machine is used to produce beams of other energies. 
Movement of the center of the beam in a horizontal plane as the primary 
electron energy is altared has been predi cted by Allen-Williams and Apple-
yar d (1) . Invest igation of this movement would provide a basis for further 
s t udy . 
An improvement in the method for the determination of the function 
R(G),g \·vauld reduce much of the laborious testing in various positions 
and would largely eliminate the errors involved. It is desirable to 
determine the target's location with respect to the detector materials 
by more precise mea.'1s, direct observation if possible. The problem of 
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concentrating the mass of a strip at a specific angle could be accomplished 
by constructing a strip holder in the form of a plate with concentrically 
spaced grooves just wide enough to accommodate the thickness of the strip. 
The strip then would be shaped into an arc of a circle while being irradiated 
and could be flattened for counting purposes. B,y using shorter strips it 
would be possible to obtain activities closer to the center of the beam. 
l. 
2. 
3. 
4. 
5. 
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VIII. APPENDICES 
APPENDIX A. Data and Working Curves 
A series of tables follow: 
Table J. 
Test no. 1 (position 1) 
90L. sec. - 720 dose units 
Distance to Counting 
r eference Time rate 
Strip center line (counts 
(inches) (min.) (sec.) per min.) 
Rjght 1 1/8 35 00 5600 "" 53* 
2 1/)~ 30 00 7560 - 6? 
3 3/8 25 00 9900 70 
4 1/2 20 00 12426 79 
5 3/4 15 00 13507 82 
6 1 10 00 14196 83 
7 1 1/2 5 00 11461 75 
Left 1 1/8 3"- 30 6340 57 
2 1/4 27 30 8024 63 
3 3/8 22 30 10136 71 
4 1/2 17 30 12507 79 
5 1/4 12 30 13586 82 
6 1 7 30 14275 83 
7 1 1/2 2 30 11030 74 
Center 0 37 30 4762 49 
40 00 4104 46 
43 00 3299 34 
47 30 2349 22 
*standard deviation 
Survey no. 2 
Test no. 2 (position 1) 
1047 sec. - 720 dose units 
Distance to Counting 
reference Time rate 
Strip center line (counts 
(inches) (min.) (sec.) per min.) 
Right 1 1/8 y; 30 5760 !: 54* 
2 1/4 30 30 7560 62 
3 3/8 25 30 10145 71 
4 1/2 20 30 12766 79 
5 3/4 15 30 14o88 83 
6 1 10 30 14902 85 
7 1 5/16 5 30 15340 85 
Left 1 1/8 33 00 6520 57 
2 1/4 28 00 8247 64 
3 3/8 23 00 10366 72 
4 1/2 18 00 12614 79 
5 3/4 13 00 13649 82 
6 1 8 00 13742 82 
7 1 3/8 3 00 12415 78 
Center 0 38 00 4888 so 
40 30 4082 46 
43 00 3420 42 
46 00 2776 31 
so 00 2065 37 
ti1 
(") 
I 
\Jl. 
CD 
CD 
w 
\Jl. 
Table 4. 
Test no. 3 (position 2) 
897 sec. - 720 dose units 
Distance to Counting 
reference Time rate 
Strip ~enter line (counts 
(inches) (min.) (sec.) per min.) 
1/4 35 * Right 1 00 3990 -f 45 
2 1/2 30 00 4990 - 51 
3 3/4 25 00 6020 55 
4 1 20 00 6710 58 
5 11/4 15 00 7727 62 
6 1 1/2 10 00 8992 67 
7 2 5 00 7660 62 
Left 1 1/4 32 30 4440 48 
2 1/2 27 30 5185 51 
3 3/4 22 30 5920 55 
4 1 17 30 6623 58 
5 1 1/4 12 30 7210 60 
6 1 1/2 7 30 8071 64 
7 2 2 30 6963 59 
Center 37 30 3505 43 
41 30 2640 24 
* Standard deviation 
Survey no. 2 
Test no. 4 (position 3) 
Distance to Counting 
reference Time rate 
Strip center line (counts 
(inches) (min.} (sec.) per min.) 
1/4 35 * Right 1 30 2280 + 34 
2 1/2 33 00 2600 - 36 
3 1 28 00 2887 38 
4 1 1/2 23 00 3116 40 
~ 2 20 30 2637 37 
6 2 1/2 15 30 2700 37 
7 3 10 15 2537 32 
8 3 1/2 5 00 2570 38 
Left 1 1/2 30 30 2700 37 
2 I 25 30 2809 38 
3 1 1/2 18 00 3263 41 
4 2 13 00 3122 40 
5 2 1/2 7 30 3440 42 
6 3 2 30 3447 42 
Center 0 38 00 1900 32 
41 30 1576 20 
46 45 1143 15 
w 
a-
H 
(I] 
(') 
I 
VI. 
CD 
CD 
Table S. Survey no. 3 
Test no . l (position 0. 1200 sec . ) Test no. 2 (position 0.1200 sec.) 
Distance to Counting Distance to Counting 
reference Time rate reference Time rate 
Strip center line (counts Strip center line (counts 
(inches) (min. ) (sec . ) per min.) (inches) (min. ) (sec . ) per min.) 
Right l l/8 35 00 4836 1' 49* Right l l/8 41 15 4175 + 46* 
2 l/4 28 15 7207 - 60 2 l/4 36 45 5107 - so 
3 3/8 23 45 8123 - 63 3 3/8 30 00 7203 60 
4 l/2 19 15 9323 68 4 l/2 23 15 9428 68 
5 5/8 14 45 10575 72 5 5/8 18 45 10246 71 
6 3/4 10 15 11764 76 6 3/4 14 15 11881 76 
7 7/8 5 45 13958 83 7 7/8 9 45 14355 84 
Left l l/8 32 45 5648 53 Left l l/8 39 00 475'8 49 bi 2 l/4 30 30 5657 53 2 l/4 32 15 6491 57 0 
3 3/8 21 30 9037 66 3 3/8 27 75 7639 62 I \J1. 
4 1/2 17 00 10162 7l 4 l/2 21 00 10113 70 (X) c:> 
5 5/8 12 30 11355 75 5 5/8 16 30 11394 75 
6 3/4 8 00 12886 79 6 3/4 12 00 12698 79 
7 7/8 3 30 14160 84 7 7/8 1 30 14362 84 
Center 0 26 00 9811 70 Center 0 25 30 13067 80 
37 15 4491 48 34 30 6978 59 
39 30 3770 43 43 30 3647 43 
41 45 3238 40 46 45 2926 27 
44 00 2760 37 51 00 2211 24 
46 45 2218 27 57 30 1409 l4 
so 30 1757 21 
55 30 1267 16 
62 00 764 ll 
73 30 374 5 
86 30 157 4 
* 
\..U 
Standard deviation -..1 
Table 6. Survey no. 3 
Test no. 3 (position l) Test no. 4 (position 2) 
1200 sec. - 960 dose units 1200 sec. - 971 dose units 
Distance to· Counting Distance to 
reference Time rate reference Time 
Strip center line (counts · Strip center line 
(inches) (min.) (sec.) per min.) (inches) (min.) (sec.) 
Right l l/8 24 15 6336 + 65* Right l l/8 23 15 
2 l/4 20 45 7550- 71 2 l/2 19 45 
3 l/2 17 15 8161 73 3 l 16 15 
4 3/4 ·13 45 775.6 71 4 l l/8 12 45 
5 7/8 10 15 8621 75 5 1 l/4 9 15 
6 1 6 45 9526 79 6 I l/2 5 45 
7 l l/4 2 30 10166 7l 7 l 3/4 2 15 
Left l l/8 26 00 5034 58 Left l l/8 21 30 
"2 3/8 22 30 5130 58 2 l/2 18 00 
3 l/2 19 00 5611 61 3 3/4 14 30 
4 5/8 15 30 6162 64 4 7/8 ll 00 
5 3/4 12 00 6700 67 5 l 7 30 
6 7/8 8 30 7458 70 6 l l/4 4 00 
7 l l/8 4 45 6942 59 Center 0 25 15 
Center 0 28 00 4724 49 27 30 
30 j() 3987 45 30 00 
33 00 3232 41 33 00 
35 30 2817 38 38 00 
38 30 2251 28 44 00 
51 00 
58 00 
66 30 
* Standard deviation 
Counting 
rate 
(counts 
per min.) 
4583+ 55* 
513_,-- 58 
4107 52 
4652 56 
5485 60 
5384 60 
5788 62 
.5185 59 
5072 58 
5195 59 
5777 6? 
6380 65 
6234 61.1 
4075 45 
3543 42 
2897 38 
2292 28 
1656 18 
1107 15 
690 6 
418 10 
237 5 
w 
co 
tri 
0 
I 
\J1 
co 
co 
Table 7. 
Test no. 5 (position 3) 
1200 sec. -_ 974 dose units 
Distance to Counting 
reference Time rate 
Strip center line (counts 
(inches) (min.) (sec.) per min.) 
Right l 1/8 23 30 3359 .. 47* 
2 l/2 30 30 1874 ~ 35 
3 l 20 00 2717 43 
4 1 l/4 16 30 3028 45 
5 l 3/8 13 00 3363 47 
6 l l/2 ' 9 00 4124 46 
7 2 4 00 4128 46 
Left 1 l/8 25 15 2927 44 
2 l/2 28 45 1854 35 
3 7/8 21 45 2283 39 
4 l 18 15 2680 42 
5 l l/8 14 45 3020 45 
6 1 l/4 11 15 3516 48 
7 l l/2 6 30 3811 44 
Center 0 27 00 2701 42 
32 30 1753 30 
35 45 1407 19 
40 30 1028 15 
*standard deviation 
Survey no. 3 
Test no. 6· (position 4) 
1200 sec. 
Distance to Counting 
reference Time rate 
Strip center line (counts 
(inches) (min.) (sec.) per min.) 
Right l l/8 19 30 3423 T 48* 
2 . l/4 16 00 4353 - 54 
3 1 12 30 4018 52 
4 1 l/2 9 00 3708 so 
5 l 3/4 5 30 4066 52 
6 2 2 00 4385 54 
Left l l/8 17 45 3741 so 
2 1/4 14 15 4601 55 
3 1 10 45 3747 so 
4 l l/4 7 15 4056 52 
5 l 1/2 3 45 4186 53 
Center 0 21 30 2902 38 
24 00 2434 35 
27 00 1966 26 
31 00 1495 20 
36 00 1070 15 
43 00 663 10 
so 00 298 5 
bi 
0 
I 
\J1. 
CD 
CD 
w 
'0 
40 ISC-588 
Table 8. Survey no. 3: 
Test no. 7 (position 2) 
1200 sec., ion chamber 50-60 
strips in vertical array 
Distance to Counting 
reference Time rate 
Strip center line (counts 
(inches) (min.) (sec.) per min.) 
Up 1 1/8 31 45 2743 .:!: 30* 
2 3/8 28 45 3051 35 
3 5/8 24 00 3727 43 
4 7/8 16 15 5267 59 
5 1 1/8 12 15 57o6 62 
6 1 3/8 6 30 6629 66 
7 1 5/8 2 15 7543 61 
Down 1 1/8 26 15 3718 43 
2 3/8 20 15 4801 57 
3 5/8 18 15 4452 47 
4 7/8 14 15 4675 48 
5 1 1/8 10 30 4863 57 
6 1 3/8 8 30 4252 46 
7 1 5/8 4 30 4194 46 
Center 0 22 00 5438 60 
35 30 2082 23 
40 45 1473 16 
* Standard deviation 
Table 9. Survey no. 4 
Test no. 1 (position 0, 40 min.) Test no. 2 (position 1, 40 min.) 
Distance to Counting Distance to Counting 
reference Time rate reference Time rate 
Strip center line (counts Strip center line (counts 
(inches) (min.) (sec.) per min.) (inches) (min.) (sec.) per min.) 
1/8 2257 + 30* 1/8 * Rieht 1 41 00 Right 1 53 00 826 + 14 
2 1/4 34 00 2471 ~ 35 2 1/4 43 15 1051 16 
3 3/8 29 30 2446 35 3 1/2 35 00 1202 19 
4 1/2 22 45 2633 36 4 5/8 23 45 1t;27 21 
5 5/8 18 15 2420 35 5 3/4 16 30 1733 24 
6 3/4 13 45 2350 34 6 7/8 9 30 101~ 26 
7 7/8 9 15 2093 33 7 1 3 00 2013 26 
8 1 4 45 1950 31 Left 1 1/8 58 30 655 11 ~ 
Left 1 1/e 38 30 2454 35 2 1/4 39 00 1137 17 0 I 2 1/4 31 45 2704 37 3 1/2 31 00 1168 17 V1. co 
3 3/8 27 15 2664 37 4 5/8 20 00 1417 20 co 
4 1/2 20 30 2766 37 5 3/4 13 00 1549 21 
5 5/8 16 00 2616 36 6 7/8 6 15 1690 24 
6 3/4 11 30 2521 36 Center 0 27 15 2045 26 
7 7/8 7 QO 2290 34 48 00 1006 14 
8 1 2 30 2142 35 66 30 535 8 
Center 0 25 00 4191 46 
36 15 2868 38 
44 00 2105 33 
47 30 1906 22 
52 00 1636 20 
56 30 1459 19 
61 30 1203 16 
68 00 978 12 
76 30 726 9 
~ 
*standard deviation 
1-' 
42 
Distance to 
reference 
Strip center line 
(inches) 
Right 1 1/8 
2: 15/16 
3 1 1/16 
4 1 3/16 
5 1 5/16 
6 1 1/2 
Left 1 1/8 
~ 3/4 
3 7/8 
4 1 
5 1 1/8 
Center 0 
*standard deviation 
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Table 10. Survey no. 4 
Test no. 3 (position 2) 
60 min. 
Time 
(min.) (sec.) 
55 15 
40 00 
34 45 
18 15 
10 00 
2 45 
44 45 
30 00 
22 30 
14 DO 
6 15 
26 45 
49 30 
61 30 
63 30 
Counting 
rate 
(counts 
per min.) 
667! li* 
711 12 
766 lJ 
1176 17 
1389 20 
1537 23 
940 16 
894 15 
1014 16 
1190 18 
1380 20 
1827 25 
819 13 
548 10 
515 7 
7 
6 
. 
z 
-~ 
a: 
~4 
Cl) 
1-
z 
~ 
0 
~3 
-e 
~ 
> t2 
> 
-
.... 
u 
~ 
rsc-588 43 
0 POSITION 0 
• •• 0 Iii ,, I 
A 
" 
2 
+ 
" 
3 
v ,, 4 
I C.L. t 2 
STRIP POSITION (.1 NCHES l RIGHT 
Figure 12. Survey 3 
44 
25 
""'20 1 g 
• 
. 
z 
-2 
ffiiS 
Q. 
U) 
!z 
:) 
8 
"' I 0 
8 
~ 
• 
> 
~ 
-~ ~ 
u 
~ 
ISC-588 
o VERTICAL 
e HORIZONTAL 
0~--~------~------~--------~------~--J 
2 
DOWN 
LEFT 
I C.L. I 2 
STRIP POSITION CINCHES) UP 
RIGHT 
Figure 13. Survey 3. Vertical versus horizontal 
zero-time activities at position 2. 
9 
8 
-7 tf) 
'o 
-
. 
z 
-2e 
a: 
l&J 
Q. 
fl) 
~ 
zs 
:::> 
0 
u 
-
-9 
<4 
>-
t-
-> 
-tJ3 
< 
I 
LEFT 
ISC-5138 
o POSITION 0 
D •• I 
• n 2 
0.5 C.L. 0.5 5 TRIP POSITION CINCHES > 
Figure 14. Survey 4. Styrene 
45 
RIGHT 
"""' \2 
X 
. 
z 
-2 
ct 
~ 
(I) 
~ 
z 
6 
u 
v 
al 
~ 
.. 
> 
1-
-
SURVEY 2 POSITION 3 " 2.39-2.53 
SURVEY 2 POS. 4 2. .89- 3.04" 
~ ' g SURVEY 3 POS.3 2.38-2.4811 ~ 
~~ ~ 
/suRVEY 3 POS. 4 2.73-2.9211 ~:--
> I ~ ~ 
- ~ ~ 
u 
~ 
1.~ 
LEFT 
1.0 0.5 C.L. 0.5 1.0 
STRIP POSITION CINCHES ) 
Figure 1). Graphical determination of half-
widths and their errors 
1.~ 2.0 
RIGHT 
~ ()'\ 
H 
(/) 
0 
I 
\Jl. 
co 
co 
. 
z 
-~ 
a:: 
lLI 
a. 
(/) 
t-
z 
:;:) 
XIO 
ISC-588 
SURVEY 4 POSITION I 
SURVEY 4 POS. 2 
1.81-1.6811 
8 II 1.9 • 2.10 
0 
u ~2~ I 
.. 
>- SURVEY 3 POS. I 
t:: 
> 
1.53-1.59 
-
.... 
u 
< 
1.0 
LEFT 
SURVEY 3 VERTICAL 
SURVEY 3 POS. 2 L93- 2.01 
0.5 C.L. 0.5 
STRIP POSITION t JN.CHES l 
Figure 16. Graphical determination of 
half-widths and their errors 
47 
1.0 
RIGHT 
48 ISC-588 
6~--------~--------~----------~--------, 
" ~
2 
-
. 
z 
-:2 
II: 
lLI5 
0.. 
(I) 
... 
z 
:l 
0 
u 
v 
-0 
-< 
.. 
>-
._ 
-4 > 
~ 
u 
< 
1.0 
LEFT 
X 10 
, 
.I 
. 
SURVEY 4 POSITION 0 
1.14-1.20" 
T 
t 
It 
SURVEY 3 POSITION 0 
l 
1.18- 1.18'' & 1.18- 1.22" I 
0.5 C.L. 0.5 1.0 
STRIP POSITION (INCHES) RIGHT 
Figure 17. Graphical determination of 
half-widths and their errors. 
ISC-588 
3 
2 
z 
0 
1-
-(f) 
0 
\ 
0 0.. 
\ 
\ 
X 
0 
CD 
1-
\ 
\ 
\ 
-1 ~ 
a:: 
~ 
--------~------~-------+·-3 
1 . .5 1.0 0 . .5 C.L. 
ONE HALF THE THE HALF-wiDTH (INCHES l 
Figure 18. Scale layout of half-widths 
of survey 4 (styrene) 
49 
so 
6 
-ct: 
' "e 
« 
0 
Q 
>-
... 
-(/) 
z 
1&.1 
~ 
z 
-
1&.1 
> 
-~ 
..J 
1&.1 
£l: 
rsc-588 
9-
MOO. SCHIFF /,90 
FUNCTION--.,, 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I IT 
80 
70 
60 
50 
40 
30 
20 
DOWN 
10 C.L. 10 
M ILLIRADIANS 
Figure 19. Angular distribution of x-ray 
intensity in a vertical plane 
20 
UP 
ISC-588 51 
APPENDIX B. Bremsstrahlung Theory 
According to Heitler (10, p. 161) 1 when an electron with energy E0 
and momentum P0 passes through the field of a nucleus (or atom) it is 
ordinarily deflected from its original direction. According to classical 
theo~J, the electron will emit radiation because of the acceleration 
produced. There will be a certain probability that a light quantum k will 
be emitted as the electron makes a transition to another state with energy 
E and momentum p. In other words, 
(Eq. 1) 
As the nucleus can take any amount of momentum, there is a finite transition 
probability to any final state E, p which satisfies Equation 1. 
The interaction causing the transition from the initial state I(p0 ) to 
the final state G(p, k) consists of the interaction of H of the electron 
with the radiation field and the interaction of V of the electron's Coulomb 
field with the atomic field. This results in the emission of k. The total 
interaction is given b,yg 
H1 s H + V (Eq. 2) 
The transition from I to G occurs by passing through two intermediate 
states related to the terms H and V. As the electron may have either of two 
spin directions and positive or negative energy, four such intermediate 
states exist. 
Based on the matrix elements for H and V for the transitions and the 
fact that k and p are independent of each other, Heitler defined the 
cro~s section ¢ k for the emission of a quantum k, in the energy range 
dk/(E0-~), b,y the following expression~ 
f kd (Eo ~7 "' fd ~ dJl d.fl k (Eq. 3) 
When Equation 3 is integrated over t.he angles in the case of extreme 
relativistic energies, where E0 i/ )--< , the formula becomes: 
(Eq .. 4) 
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The electron and the light quantum are both deflected in a forward direction. 
The solid angle into which they are both deflected is of the order_fl = 
mc2/E0 • 
Screening of the Coulomb field due to the charge distribution of the orbital 
electrons necessitates a modification of Equation 4. This effect will lead 
to a decrease in the cross section because the effective field is less than 
the Coulomb field would be. B,y considering the distances ~hich make the 
largest contributions to the Coulomb interaction (r.,_, hc/q), a measure of 
the right order of magnitude for complete screening may be obtained by 
replacing r by the atomic radius az. The atomic radius for the Thomas-
Fermi model is given by 
a /1; a z-1/3 ~ 137 A z-1/3 
z 0 0 
where a0 is the Bohr radius of the hydrogen atom. Thus, for complete 
screening Equation 4 becomes: 
(Eq. 5) 
For conditions of incomplete screening a continuous transition exists from 
Equation 4 to S. 
A large portion of the energy lost by an electron as it passes through 
matter assumes the form of light quantum with the energy of the same order 
of magnitude as the primary energy of the electron. By integrating the 
intensity k ~ k over all frequencies from 0 to E0 -_fi one may obtain the 
average energy lost in one collision. The average energy lost per centimeter 
of path is given b,y: 
(Eq. 6) 
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As the energy lost per centimeter is roughly proportional to the primary 
energy E0 $ forE~~' it is convenient to define a cross section for energy 
lost in the form0 of radiation, ~ d r ra • 
d.Eo = ¢ dx NEo rad. (Eq. 7) 
1 
where,~rad.= tf k¢kd (Eo~) (Eq. 8) 
0 
By substitution of Equation 5 in 8 and integrating, one obtains for 
the case of complete screening, 
¢ rad = ¢ { 4 Ln(lB)z-1/3) ~ ~) (Eq. 9) 
(E0 ;,o? 13'0 z-l/3) 
Thus, the c:oss sectior; for radiation, ¢rad' is a constant for relativ-
istic energ1es and a g1ven target matterial. 
As the screening effect of the nuclear field is complete only at 
sufficiently high energies and is reduced for lighter target elements 
the expression for f rad' Equation 9, may be stated::-
¢ rad = F¢ f.ad (Eq. 10) 
where F is a correction factor which is a function of E0 and Z (27, Table 
10, listed as K). The factor F approaches unity at high primary electron 
energies and heavier target elements. In Equation 10 
The 
f ~ad~ 4 j; Ln(l83z-l/3) 
constant term, 2/9, in Equation 9 is included in 
Thus, Equation 7 may be rewritten in the form 
the factor F. 
(Eq. 11) 
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A further simplification of Equation ll may be made. if the actual thickness 
of the target is expressed as a multiple of the "radiation length" which 
is defined qy Rossi and Greisen ( 22, p. 253) asg 
1 (Eq. 12) 
N(4) (~) 137/ tn(l83z-l/3 ) 
At high energies the use of X as a unit of thickness eliminates the 
0 
dependence of energy loss by radiation on the atomic number. This greatly 
simplifies the handling of expressions for multiple scattering. Equation 
ll then becomes 
~dE - E FdX 0 - 0 (Eq .. 13) 
In other words, the energy loss per radiation length ~ is a constant for 
a particular primary energy. 
The theoretical angular distribution of X-rays for thin target radiation 
is determined by the multiple elastic . scattering of the electrons among 
the target nuclei. The electron angular distribution at any depth in the 
target is considered essentially Gaussian. Similarly, the emitted X-rays 
are considered to have the same angular distribution as the electrons 
which produce them. 
The radiation energy will therefore appear in the form of photons 
with the same distribution as the scattered electrons. This distribution 
is a function of both the angle which the scat tered electron makes with 
its primary direction and the thickness of the target expressed in radi-
ation lengthsJ i.e. ~ R(Q,X). Equati on 13 then may be expressed in terms 
of the radiation from a target l ayer dx at a depth x into a solid angle 
element dJL at an angle 9; in other wordsJ 
(Eq. 14) 
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When the function R(Q~X) is substituted into Equation 14 and integrated 
from X ~ 0 to X c t, then 
55 
(Eq. 15) 
Based on the assumption that the angular distribution of X-radiation 
from synchrotron targets is in most cases determined by the multiple 
scattering of the electron beam as it passes through the target, Schiff 
(24) derived an expression for the spread of X-rays by integrating the 
Bethe-Heitler differential bremsstrahlung 'cross section over the angles 
of the scattered electron. A convenient expression for X-ray intensity 
in Mev per unit solid angle per electron is given in National Bureau of 
Standards Handbook No . 55 (27, p. 45), 
B.r employing the asymptotic property for the sum of two such exponential 
integrals, i.e., 
the value of R(G) at Q ~ 0 is found to beg 
{ 1510.8t .. 1 
L;4 2tn(l83z-l/32J (Eq. 17) 
and the ratio of the intensity at angle Q with respect to the direction 
of the primary electron beam is found as the simple ratio of R(G)/R(O). 
This value is given by Muirhead et alo (19)g 
(Eq.l8) 
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Equation 18 may be solved for Q in this experiment by substitution of 
the following valuesg 
R(Q)/R(O) ~ 0.5 at the half-width 
E0 .til 66 Mev 
Z • 74 for aluminum 
j( "' Oo 51 Mev 
t :Oo0373 radiation lengths for the 5 mil tungsten target 
(Eq. 12) . 
In this instance 0 is found to be 2o22 degrees or 38o8 milliradianso 
APPENDIX c. Method of Least Squares 
In the case of experimental data which theoretically should fall 
along a straight line but which fail to do so because of errors of observation!) 
one may determine the '~closest straight line'' by application of the least 
square criterion. This method is known as the "Method of Least Squares" 
and is covered in Worthing and Geffner (30). Certain non-linear forms of 
equations may be reduced to a linear form for solution by this methoq. 
The radi6active decay law is one of these as A(T) ~A(O) -AT may be put in 
the formj) a 
In A(T) = Ln A(O) =AT (Eq. 1) 
which is linear and is the equation of a straight line. Representing Ln 
A(T) by y~ Ln A(O) by a ~ and the decay constant =}by b~ the equation assumes 
the simple point slope form of the equation of a straight line~ namely3 
y =a+ bT (Eqo 2) 
This equ~tion represents the closest straight line L through a series 
of n observed points whose co=ordinates are Yi»Tio While the co~ordinates 
of the general point Yi~Ti will not satisfy the equation for the closest 
straight line Yi will differ from the actual ordinate of L by a small 
amount di which is different from zero. In other words 9 
(Eq. 3) 
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Figure 20. The modified Schiff Function 
and its integral 
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The least squares principle consists of selecting the parameters a 
and b so as to make the sums of the squares of d1 a minimum. Let 
n 
s 2 = ~ d~ :m (y1 - a - bT1 ) 2 + (y2 - a - bT2)2 •••• 
i~ 
2 
"" (y - a - bT ) n n 
(Eq. 4) 
This function is minimized with respect to the two parameters qy equating 
the partial derivatives to zero. In other words, 
d 52 • o s2 .o (Eq. 5) () a ob 
This gives, 
n n 
na + b L Ti ~L Yi (Eq. 6) 
i=-1. i;::U. 
n n n 
(Eq. 7) 
i:al 
Solving Equations 6 and 7 simultaneously, 
(Eq. 8) 
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(Eq. 9) 
As the various values of YiJ Ti are known, the summations can be 
formed and the values of the parameters a and b for the equation of the 
closest straight line can be calculated. 
An examination of the tabulated values of yi,Ti and their respective 
probable errors reveals that certain observations in a series may be more 
reliable than others. Thus, "weights" may be assigned to the individual 
values of y1.T1 in order that they may properly influence the value of the 
parameters in relation to their respective accuracies. According to 
Worthing and Geffner (30, p. 196), the weights vary inversely as the square 
of the probable error, i.e., 
Thus, the function s2 now becomes, 
n 
s2 ~ L widf = wl (yl -a-bTl)2 + w2(y2-a-bT2),2 •. ••• 
i=l 
w (y -a-bT ) 2 n n n 
(Eq. 10) 
(Eq. 11) 
Again, by taking the two partial derivatives, 0 s2 and os2, equating 
()a ;3 b 
them to zero to find the m1n~um values, and solving simultaneously, one 
obtains the following expressions for the parameters, namely, 
a ~ 2 wy L wT2 - 2 wT L :;T ~ L wy L wT2 - L wT L wyT (Eq. 12) 
L w: 2 wT2 ~ ( L wT) D 
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b = 2. w L wyT - .2 wT 2: wy ~ L w J: wyT - 2 wt 2 wy 
L WL wT2 - ( L wT)2 D (Eqo 13) 
Equation 12 yields the y-axis intercept of the closest straight line 
through the points Yi»Ti and is actually the logarithim of A(O) the 
activity at zero-time. Equation 13 yields the slope of the line L and is 
the constant -A o 
In order to measure the reliability of a, the y-intercept at zero-
time, and b, the decay constant, the law of propagation of probable 
errors may be applied to the weighted expressions for a and b, namely~ 
p.: I!! (Eq •. 14) 
u 
It is assumed that the errors in time T are very small and are negligi ble. 
The law of p~opagation of errors applied to Equations 12 and 13 then 
assume the following formsg 
p2 a e a) 2 p2 
a 0 Y Yi (Eq. 15) 
2 ~(~i) 2 2 p p b Yi (Eq. 16) 
The values A, A' are substituted in Equation 12 ~ and B9 B' in 
Equation 13. A, A1 3 B$ B' $ are functions of the variable T onlyo Thus 3 
a ~A [wy -A' L wyT,. L wy(A - A 1T) {Eqo 17) 
b • B I wyT ~ B1 L wy = L wy(BT 1 - B) (Eq. 18) 
\. 
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Applying Equations lS to 17 and 16 to 20, the following expressions 
for the probable errors are obtained, namely, 
As Pyi = K o-yi and w i = __!__ then 
2 ' () yi 
yi 
(Eq. 19) 
(Eq. 20) 
w (Eq. 21) 
Substituting Equation 21 into Equations 19 and 20 and simplifying, the 
following expressions for probable error are obtained, 
Pb (internal) = K ~ = .674ft. w/D (Eq. 22) 
Pa (internal): K ...;;:· : " o674~ (Eq. 23) 
The probable er:;."'rs indicated in Equations 22 and 23 are the "internal 
errors1' and are a measure of how well the least squares line fits the data, 
assuming that the points Yi, Ti fall off the line only because .. of statistical 
variations. To obtain the "external errors" Equations 22 and 23 must be 
multiplied by the probable error of the observation having unit weight, 
namely, 
~L: [wi(Yi-a-bTi)~ (Eq. 24) . 
n-2 
This expression is the square root of the dispersion. 
/ 
Finally, the external errors for a and b are given by: 
Pb(external) = 0.674 
Pa(external) - LwT~ . 
2._ w I_ wT2-( 2_ wT)2 
